Abstract: In this paper we investigate the entanglement contour in a general excited state in the holographic 2d CFT using the partial entanglement entropy proposal. We discuss how the thermodynamics fixes the entanglement contour and discuss how the distribution of degrees of freedom in subsystem are related to the HRT surface in general excited states. Finally we introduce the complexity contour and comment on the coarse-graining the complexity in the AdS 3 /CF T 2 .
Introduction
The connection between quantum information and gravity in the context of the AdS/CFT correspondence has played a growing role in our understanding both of these phenomena [1] - [4] . In the AdS/CFT the entanglement entropy gets the geometric form through the celebrated Hubeny-Rangamani-Ryu-Takayanagi(HRRT) formula [1] , [2] . This formula expresses the entanglement of the fixed subregion A of the total holographic state and the minimal surface area E A spanned on the boundary of this subregion as
The entanglement entropy is important quantity which is non-local and captures nontrivial correlation associated with the degrees of freedom corresponding to the subregion A. While the entanglement entropy is highly non-local quantity there is a natural question of decomposition of such non-local observable into some simpler object. The step towards such refinement has been made in [5] where the definition of entanglement contour was given and investigated further in [6] - [10] . The entanglement contour f A (x) in its essence is the function associated to fixed subsystem A which being integrated over x ∈ A gives the entanglement for A S = Also there are different restrictions like positivity and normalization that f A (x) has to satisfy. The total list of these restrictions is unknown at the moment and the entanglement contour is fixed by the existing list in a non-unique way. Study the entanglement contour gives us insight how the entanglement degrees of freedom are distributed inside the subsystems. Recently the entanglement contour in holographic description based on the partial entanglement entropy was proposed in [8] and investigated further in [9] , [10] . Here we investigate this proposal and give the description of the entanglement contour for the general excited state dual to the Banados geometry [11] . Taking the proposal based on the partial entanglement entropy the entanglement contour is fixed by the stress-energy tensor. It is known that there is the general relation [12, 13] between thermodynamics and the entanglement entropy of small subsystems. The similar "entanglement contour law" thermodynamic description of degrees of freedom inside the subsystem also takes place. We write them down explicitly using the results of [12, 13] .
From the very definition and properties of the entanglement contour it is natural to think that its holographic definition is related to some geometrical quantities defining the entanglement. Focusing on the AdS 3 /CF T 2 for simplicity this leads us to the construction of the measure, similar to the entanglement contour from the length element of the HRRT geodesic. Straightforward integration of this measure does not give us the entanglement entropy. However after the proper choise of the cutoff associated with the certain state of the system and subsystem we get the correct answer. The distribution of entanglement according to this measure reproduces all qualitative features of the entanglement contour. We call this measure the geometric entanglement contour. Also we compute the geometric entanglement for the CFT dual to the Banados geometry. This is in agreement with the fine-graded correspondence noted in [8, 9] .
Besides the entanglement entropy there are different quantum non-local measures. Recently it has been conjectured to describe evolution of hidden degrees of freedom in holographic systems after the scrambling using quantum complexity [14] - [18] . At the moment there is no conventional description of complexity on both the QFT and gravitational sides of correspondence. In this paper we focus on the so called CV complexity [14] and the construction of the analogue of the entanglement contour for it. We call this quantity the complexity contour. We focus on the peculiar example of the AdS 3 /CF T 2 case. It is known that the dependence of the CV complexity on the interval length is in its essence temperature independent [17] and the construction similar to the partial entanglement does not clarify the situation. However one can proceed with the geometrical definition that lead to the non-trivial distribution. This show shows that the geometric definition of contour-like measures is important thing to study on its own rights. This paper is organized as follows. In the section 2 we introduce the entanglement contour and consider simple examples. In section 3.1 we obtain the entanglement contour for the arbitrary excited state dual to the Banados geometry. In section 3.2 the thermodynamic description of the entanglement contour is constructed. Then we introduce the geometric contours based on geodesics in section 4 and proceed with complexity contour in section 5.
2 The entanglement contour and geometric entanglement contour: definitions and basic examples
As it was mentioned in the introduction the entanglement contour associated with the subsystem A is the function f A (x) defined as
where S is the entanglement entropy of A. For the simplicity let us restrict our attention to the case where A is the connected region (for example single interval or disc etc.). Usually function f A (x) has to satisfy some properties to be the entanglement contour. Basically the list is as follows:
• Entanglement contour is a positive function:
• Normalization for f A (x) is:
3)
• The entanglement contour f A (x) should ingerit spatial symmetries of the reduced density matrix ρ A ;
• Invariance under local unitary transformations. More precise, if
where V X is a local unitary then f A (X) is the same for both ρ A and ρ A for X ⊆ A and
Recently in [8] the proposal for the contour function has been given. The proposal is based on the notion of the partial entanglement entropy. Let us consider the theory defined on the one-dimensional system and the subsystem A. The partial entanglement entropy s A (A 2 ) is then defined as
Roughly speaking the partial entanglement entropy gives us the contribution of A 2 to the entanglement of the A total system. The generalization to the case of nsubpartitions A i is given [10] by
where S(A|B) is the conditional entropy defined as
To get the entanglement contour f A (x) for the ground state of 2d CFT and the single interval of the length such that x ∈ (− /2, /2) we proceed as follows. We consider
and A 3 ∈ (x 2 , /2). Using formula (2.11) and expanding it to the leading non-vanishing value we get
and we see that f A (x 1 ) is the entanglement contour of the CFT ground state. Remind that the entanglement entropy for 2d CFT at finite temperature of the interval of the length is given by
In the same way one can get the entanglement contour for the thermal state and interval of length
These examples have been considered in [8, 10] . Formula for the CFT defined on the circle of length L is given by the formula (2.14) up to the change β → L and coth → cot.
3 The entanglement contour for excited states
The excited states dual to Banados metric
In the previous section we have considered the basic examples of the stationary metrics dual to different simple states of the 2d CFT. Now we turn to the Banados metric describing quite general class of the CFT states. This metric has the form
where L − and L + are the arbitrary functions of the single coordinate x − and x + respectively. These functions are proportional to the stress-energy one-point function as
so the fixed state defines the stress-energy tensor and subsequently defines the metric. The one of the main advantages of the Banados metric is that one can get this metric by mapping the Poincare metric
with the conformal mappings F ±
that acts near the boundary u, z → 0 as
Factors L ± defining stress-tensor are related to the mapping F by the Schwarzian
In fact to get the metric with the boundary stress-tensor defined by Schwarzian of F ± it is enough to use the mappings (3.7) prolongated to bulk z > 0
as it was noted in [19] . This shows large gauge freedom of asymptotically AdS 3 space. For the simplicity let us restrict our attention to the case when F + = F − = F . In principle this mapping allows us to study the different observables like the entanglement entropy. Entanglement entropy is obtained by the mapping of arbitrary geodesic in Poincare coordinates with the spacelike separated endpoints (t 1 , y 1 ) = (y ) as y ± = F ± (x ± ). In the Poincare patch the length of the geodesic between these points is expressed as
where u 1δ and u 2δ are the divergences corresponding to the each of the geodesic endpoints. In principle it is enough to know the near-boundary mapping F between the Poincare patch and the Banados geometry to get the entanglement entropy. For the excited state defined by particular F we have
where z 1δ and z 2δ are the divergent parts in Banados coordinates. Now it is straightforward to extract the entanglement contour for the interval (− /2, /2) at the time moment t using formula (2.7) in the form f ( , t) = c 6
This entanglement contour is fully specified by the mapping F . Choosing mapping for the example as
we reproduce the entanglement contour for the single interval at finite temperature 2d CFT. If the state is time-independent (however it could be inhomogeneous in the space distribution of the energy) the expression for contour is simplified to
The Banados space includes many non-trivial states in 2d CFT including global quenches, local quenches, states after partial projective measurements and the others. As a particular example let us consider the state corresponding to the boundary CFT at finite volume and temperature (at large central charge). This case corresponds to mapping by certain elliptic functions that compactifies the upper-half plane to the finite size rectangle. We take this mapping to be
Typically one can get the additional contributions from the another geodesic configurations competing with (3.13). These configurations correspond to different conformal block channel expansions of the entanglement entropy. For simplicity here we restrict ourselves to the single channel (3.13). In Fig.1 we draw the entanglement contour corresponding to (3.17) in this approximation (we extract the entanglement contour of the 2d CFT ground state in this figure).
Thermodynamics of entanglement contour
It is known, that the entropy counts the number of microstates. This is a fundamental law that relates the information included in a system and its total energy. So there is a natural question how the entanglement entropy is related to the thermodynamic quantities of the system. In the context of the holographic approach the entanglement being expressed by HRRT formula through the geometric measure such as the minimal surfaces in certain background gives us insight intro this relation, as well as additional understanding of gravity nature. Thus the entanglement entropy calculated in the Banados spacetime is fixed by the
where T ++ is the null component of the stress energy tensor in the dual system and prime denotes the derivative with respect to null coordinates. This equation is known as the quantum null energy saturation ?? (3.18) (for Banados geometry). Thus it is interesting to consider how the entanglement contour of some quite general excited state is related to the energy distribution in the system. Following (??) let us consider the perturbation g µν = η µν + h µν , (3.19) of the AdS 3 in the Fefferman-Graham gauge 20) by the (arbitrary) scalar matter with the Einstein equations to be hold. The stress energy tensor in the dual theory is proportional to the coefficients in the perturbation as
In ?? it was shown, that in the small interval (x ∈ (x 0 , x 1 )) limit the entanglement (with the ground state entanglement being extracted) in this setup is fixed by the the relation
Thus it is straightforward to extract the excited entanglement contour from (3.22) for the interval x ∈ (− /2, /2). This entanglement contour has the form
where index (0, 1) denotes the derivative with respect to the second (spatial) argument.
The geometric contour measures
The formula (1.1) defines the entanglement entropy of the region A as the minimal surface E A spanned on the boundary of this region. It is natural to try to give the definition of the entanglement contour as the interval ds on the induced metric on E A . However this definition suffers from the fact that one has to introduce the dynamical cutoff depending on the size of the subsystem and the other external parameters. Also this definition makes sense only for connected simple subsystems like single intervals and spherically symmetric regions. While all these disadvantages take place, this definition of the contour function is quite natural and geometric giving insight in the entanglement structure. We call this function the geometric entanglement contour (GEC) and on the simple examples we show that it resembles the structure of the entanglement contour for certain regions and states. In general GEC consists of the function g A (x) playing the same role as the EEC and the dynamical cutoff δ A corresponding to the same region.
Consider the basic examples of AdS 3 /CF T 2 correspondence starting with the Poincare patch, then consider the BTZ black hole, global AdS 3 and the global AdS 3 dual to excited state created to insertion of the primary operator. The simplest solution of three-dimensional gravity with the cosmological constant is the Poincare patch AdS 3 with the metric
The extremal surface spanned on the endpoints of the interval of length (for definiteness take x ∈ (− /2, /2)) is given by the geodesic 2) and the corresponding GEC g(x) reads as
which resembles the known answer for the single interval in 2d CFT. It is straightforward to compute the GEC for other basic examples. Leaving the details to the appendix A for example we find that the GEC for the thermal state is given by
Now let us consider the natural question -can we define the entanglement contour and GEC using only the mapping from the Poincare AdS 3 ? In this section we make the proposal how to define them for Banados geometries and reproduce the correct answers for the thermal system using only the Poincare AdS 3 data. As it is easy to see from the previous subsection the induced metric on the RT surface naturally defines the GEC. After the mapping F ± the RT surface in the Poincare coordinates is mapped to the HRT surface in Badanos geometry. HRT surface is not necessary constant-time curve. So this rises question how correspondence works in this general situation. However let us proceed and see what we get. First let us consider the induced metric on the arbitrary geodesic in the Poincare coordinates. The geodesic is connecting points (y 1 , t 1 ) and (y 2 , t 2 ), where y 2 − y 1 = ∆y > 0 and ∆t = t 2 − t 1 < , with ∆t > 0. This geodesic is given by the equation u(y) = (y 1 − y) (y − y 2 ) (∆t + ∆y) (∆y − ∆t) ∆y , (4.5)
The induced metric on this geodesic is given by
which is independent of t 1 and t 2 and coincides with the the induced metric on the constant-time geodesic and the coresponding GEC. Rewriting it in the lightcone coordinates y ± we obtain ds = 1 2
After application of the mapping y ± = F ± (x ± ) to this mapping we get
Now we return back to x and t coordinates, then set t 1 = t 2 = t. This means that we consider constant time endpoints in Banados metric and the constant time interval between them. After that we have to take constant time slice section dt = 0 and we obtain the formula that reproduces GEC for thermal CFT if we choose the mapping to be that of the correspondging to the BTZ black hole F (x) = exp(2/z h ).
The complexity contour
The contour measures of entanglement give us insight how the entanglement is distributed inside the subsystem. It is hard to fix "the best" contour measure. The most basic and straightforward requirements are constraints by the normalization and positivity. The "complexity' is the relatively new measure in the holographic quantuminformation realm. Roughly speaking this measure is related to the question "how complicated is the process of obtaining some state in quantum system?. Taking into account importance of the entanglement contour it is natural to define the notion of "complexity contour". Define the "volume complexity" C V using codimension-one bulk hypersurface B attached to the fixed time slice of the boundary
where V(B) is volume of this hypersurface and G is the gravitational constant. The CA duality relates complexity of the state to the value of the on-shell gravitational action restricted to the Wheeler-DeWitt (WDW) patch 2) and WDW patch W is defined as the bulk domain of dependence of any Cauchy surface asymptotically approaching the fixed time slice of the boundary. In fact in this section we are interested more in the duality formulated for the mixed states. As in the previous sections we focus on the complexity of the subregion chosen to be the single interval. The conventional formulation (especially the covariant one) of CV or CA complexity conjectures for subregions is abscent at the moment. We will focus on the following versions of these prescriptions. The CV conjecture for subregions that we consider relates the volume under 1 the RT surface associated to some subregion A. This proposal equates the complexity and on-shell gravitational action evaluated in the intersection of the entanglement wedge and the WdW patch. The CA complexity is characterized by complicated divergences structure which has to be taken into account properly.
In this paper we focus on the CV complexity to avoid unnecessary considerations related to additional divergences. The volume complexity of the interval with the length is independent of temperature 2 and the dependence on the interval length is given in the form
where ε is the divergence. In contrast to this fact the entanglement exhibits the explicit temperature dependence. If one will try to proceed by analogy with the construction similar to the partial entanglement entropy the result will be also temperature independent. This dependence of complexity contour constructed in this way looks unsatisfactory.
To get the insight how the complexity degrees of freedom are distributed inside the interval is natural to proceed in the spirit of GEC and define contour-like quantity. For example the natural geometric contour measure is the integrated density volume at the point x. This definition strongly depends on the entanglement surface, thus providing that the complexity has the nontrivial distribution inside the interval.
